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Let ^ be a density operator in the 2 dimensionalHilbert
space H
2
. The depolarizing channel L

maps a density
operator ^ to a density operator which is a mixture of ^
and the maximally mixed state,
L






The parameter  represents the degree of randomization
of polarization. For the map L

to be completely posi-
tive, the parameter  must lie in the interval  
1
3
   1.
Let us start with two qubit systems as the input probe.
For simplicity we only consider a pure state family of
the probe
^

















ig are orthonormal basis
sets for the rst and second probe particle, respectively.
What is the best way to use this state? There are two
possibilities to consider;
(a) Input one qubit of the pair into the channel keep-









I) j	i h	j ; (3)










) j	i h	j : (4)
A measurement is described by a probability operator
measure (POM)
^
() [8, 9], also referred to as a positive
operator valued measure (POVM) [10]. The average cost

















































I . It is assumed that we have no a






, we are to nd the optimal probe j	i and the
POM
^
() minimizing the average cost

C(x).






































































For a xed probe state j	i, the optimal POM
^
() is
derived from the necessary and suÆcient conditions to























   0 for all .
The optimal solution for a single parameter estimation
with a quadratic cost is well known [8, 13]. The optimal
POM is constructed by nding the eigenstate ji of the
minimizing operator
^


















() = ji hj so that
^













 from which the conditions (i) and
(ii) are easily veried.
For a discrete system, one can nd the optimal POM







































































This implies that the measurement has 4 outputs at most
and we then estimate the channel parameter as one of 4

i
's. Before going on to derive the optimal strategies,

















































































































































































j. After a lengthy





















To diagonalize  we introduce r =
p
1 + 12x(1  x) and
cos =
r




r + 1  2x
2r
: (21)
The eigenstates and eigenvalues are then
j
1






= (3 + r)=9;
j
2




















































































I   j	i h	j ; (25)


























































































































































a = 7x(35  20x+ 2x
2
);
b = 7x(17 + 16x+ 2x
2
);

















r   a+ b
2r
: (33)




















119[1 + 2x(1  x)] r
34[13 + 8x(1  x)]
: (34)










2295[13 + 8x(1  x)]
: (35)
This is an upward convex function, symmetric with re-
spect to x =
1
2
. The minimum is attained at x = 0; 1,


























so that the optimal estimation
strategy, using two probe qubits, is to prepare them as a
maximally entangled pair and to input one qubit of the
pair into the channel keeping the other untouched. The
estimation is then obtained by applying the two element
POM, Eq. (25), as described in Case (a). This strategy
is represented schematically in Fig. 2.













. The optimal measurement for this
can be derived straightforwardly. This is discussed in the



















FIG. 1: The average costs as a function of x.
FIG. 2: The optimal estimation strategy using two probe
qubits. j	i is the maximally entangled state. The output








g. We guess the channel pa-












The action of the depolarizing channel on a d dimen-
sional system is described by
L











   1. For
d  3, we have not succeeded in nding the optimal probe
state, even when we restrict ourselves to a pure state. In
this section we focus on the most plausible input state,
that is, the maximally entangled state, and consider the
estimation using M entangled pairs. Only for d = 2, is
the optimality ensured.
It might be interesting to compare the three cases spec-
ied by the three dierent outputs;









I) j	i h	j ;









where j	i is the maximally entangled state,






















(c) 2M product states of
^
 () = L

j0i h0j ;





(The input state in case (c) can be any pure state in the
d dimensional space.) Let us rst consider the case (a).
































































































































































from which it can easily be seen that the conditions (i)































5The other cases can be dealt with in a similar manner.






















(M ) is then given by the
same expression as Eq. (49) with !
(k)
m





() of Eq. (50).
In the case (c), we use
a^
0




























































plotted in Fig. 3 (d = 2), Fig. 4 (d = 3), and Fig.





is also plotted. This cost is by the strategy belonging to




























It is this strategy that was used in ref. [4] for the case of
d = 2.
For d  3, the minimumaverage cost is always attained
by a separable probe state. Only in the two dimensional
case, is it the bipartite entangled probe that attains the
minimum average cost. It is worth mentioning the de-
polarizing channel with the narrower parameter region
0    1, which is a more commonly used model with
an well dened interpretation of randomized probability
of . We found that the best probe in this model is al-
ways a separable state. In this sense a separable state
is generally an adequate probe state for the depolariz-
ing channel estimation as far as the comparison with a
bipartite entangled probe state is concerned.
IV. CONCLUDING REMARK
When we have several identical samples at our dis-
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d=3       C1(M)
              C2(M)
              CSEP(M)
              CML(M)













d=10      C1(M)
              C2(M)
              CSEP(M)
              CML(M)
FIG. 5: The average costs as a function of the number of
pairs.
6measurement on the whole system. This means prepar-
ing a single multi-qubit state followed by an optimized
measurement. We might also consider performing a pre-
liminary measurement on a part of the system and then
feedback this back to deal with the remaining part. But
in the case of the previous section, the collective measure-
ment onM identical output pairs or 2M identical output
particles is not necessary. The action of the depolarizing
channel on a maximally entangled state always results in
a statistical mixture between the input state and its or-
thogonal complement (Eq. (40)). Estimating the channel
parameter is nothing but determining this mixing ratio,
which is a classical distribution. Therefore the optimal
measurement is realized by a separable type constructed





to Eq. (44). In the case where the output state includes
the channel parameter as a quantum distribution, that
is, the parameter appears in the o diagonal components
in the density matrix, the optimal measurement would
be a collective measurement. When the channel includes
a unitary opreration, we will have to face this problem.
Channel estimation for such a case is a future problem.
It is a remaining problem to see how eective the mul-
tipartite entangled probe is. However, in the estimation
of decoherence channel under the power constraint sce-
nario, that is, under a given and xed number of probe
particles, it seems more common that entanglement is not
necessary. In fact, in the cases of the amplitude damp-
ing channel and dephasing channel, there is no merit to
use entangled probe. In the amplitude damping channel,
for example, the best probe is to input the most highly
excited state. An entangled probe is rather wasteful be-
cause this includes the state components other than the
excited state and these components are less sensitive to
the damping.
Finally it might be interesting to study the multi pa-
rameter case, such as the Pauli channel estimation. We
may then ask how to optimaize (in Bayesian sense) the
simultaneousmeasurement on the noncommuting observ-
ables as well as searching for appropriate probe states.
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APPENDIX A: DERIVATION OF EQ. (20)



















































































































































































































results in Eq. (20).
APPENDIX B: DERIVATION OF EQ. (31)









































































































































































, we have Eq. (31).
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